DISTANCE TO A MEASURE
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It is well known that distance-based methods in TDA may fail completely
in the presence of outliers. Indeed, adding even a single outlier to the point
cloud can change the distance function dx dramatically (see Figure . To
overcome this issue, [CCSMII] introduced an alternative distance function
which is robust to noise, the distance-to-a-measure (DTM).

FIGURE 1. The effect of outliers on the sublevel sets of dis-
tance functions. Adding just a few outliers to a point cloud
may dramatically change its distance function and the topol-
ogy of its offsets.

The DTM satisfies properties that are very similar to those of a distance
function, yielding nearly identical inference results. In other words, it ap-
pears that we can write roughly the same reconstruction result as for offsets
of a compact (see previous lesson) for the sublevels sets of the DTM. Such

1



2 DISTANCE TO A MEASURE

functions are called distance-like. Let us first present these functions and
their properties in their full generality.

1. DISTANCE-LIKE FUNCTIONS

All the inference results of the Reconstruction of Compact Sets lesson
follow from only three fundamental properties of distance functions:

(i) Stability of the map K — df : for any compact subsets K, K’ of R? we
have

ldx = dglloe = du (K, K').

(ii) For any compact set K of R?, the distance function dg is 1-Lipschitz:
for all z, 2’ € RY, |dg(z) — dg(x)] < ||z — 27|

(iii) For any compact set K of RY, the distance function d2 is 1-semiconcave:
z s ||lz||* — d%(z) is convex.

The first property is an obvious condition to ensure that the offsets of two

close compact sets are close to each other. The second and third properties

are the fundamental ingredients to prove the existence and integrability of

the gradient of dx and the isotopy lemma. These results still hold for

general proper semiconcave functions, motivating the following definition of

functions that are of particular interest for geometric inference.

Definition 1.1 (Distance-Like Function). A non-negative function ¢ : RY —
R is distance-like if
(i) ¢ is 1-Lipschitz;
(ii) ¢? is 1-semiconcave, i.e. z — |z||* — ¢%(x) is convex.
(iii) ¢ is proper, i.e. for all compact set K C R, ¢~!(K) is compact.

Remark 1.2 (Why Distance-Like?). One can show that if ¢? is 1-semiconcave,
there exists a closed subset K of R such that ¢(z) = d () for all z € RY,
where x € R? is identified with (x,0) in R4+

This remark also shows that ¢? being 1-semiconcave and proper yields au-
tomatically ¢ distance-like: the Lipschitz property comes from 1-semiconcavity
for free.

Let ¢ : RY — R be distance-like. The l-semiconcavity of ¢? allows to
define a notion of gradient vector field Vg (x) for ¢, defined everywhere and
satisfying ||Vo(z)|| < 1.

Although not continuous, the vector field V¢ is sufficiently regular to
be integrated in a continuous locally Lipschitz flow ®(-,¢) : R? — R? for
t > 0. The flow ®(-,t) integrates the gradient V¢ in the sense that for
all z € RY the curve 7 : t — ®(x,t) is right-differentiable, and for all
t >0, v (t7) = Vé(y(t)). Moreover, for all integral curve v : [a,b] — R?
parametrized by arc-length,

b
¢(v(b)) =¢('y(a))+/ IVo(y(®))] dt.

Remark 1.3. (i) We denote by ¢" = ¢~1([0, r]) the r-sublevel set of ¢.
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(i) A point z € R? will be called a-critical, for 0 < a < 1, if for all h € R?,
¢*(z + h) < ¢*(x) + 2 ||b]| () + ||Al|*.

A O-critical point is just called a critical point. It follows from the 1-
semiconcavity of ¢? that ||Vé(z)| is the infimum of the non-negative
a’s such that x is a-critical.

(ili) The weak feature size of ¢ at r, denoted by wifsg(r), is the maximum
r’ > 0 such that ¢ does not have any critial value between r and r + r’.
For all 0 < a < 1, the a-reach of ¢ is the maximum r such that ¢" =
#~1(]0,7]) does not contain any a-critical point. Notice that the a-reach
is always a lower bound for the weakfeature size, with r = 0.

The Isotopy lemma extends to distance-like functions.

THEOREM 1.4 (Extended Isotopy Lemma). Let ¢ be a distance-like function
and r1 < ro be two positive numbers such that ¢ has no critical points in
¢ 1([r1,m2]). Then all the sublevel sets ¢" = ¢~1([0,7]) are isotopic for
r € [r1,r2].

The proof of the following theorem, showing that the offsets of two uni-
formly close distance-like functions with large weak feature size have the
same homotopy type, relies on Theorem and is almost verbatim the
same as the one for di (see the Reconstruction of Compact Sets lesson).

PROPOSITION 1.5. Let ¢ and 1 be two distance-like functions, such that
6 — |l < e. Suppose moreover that wisy(r) > 2e and wisy(r) > 2e.
Then, for every 0 < n < 2¢, "™ and "™ have the same homotopy type.

The critical point stability theorem also holds for general distance-like
functions.

THEOREM 1.6. Let ¢ and ¢ be two distance-like functions with ||¢ — ||, <
e. For any a-critical point x of ¢, there exists a o -critical point ©' of

with ||z — 2’| < 2¢/ed(x) and o' < a+ 2+/e/d(x).

Proof. Almost verbatim the same as the proof in the Reconstruction of Com-
pact Sets lesson. O

COROLLARY 1.7. Let ¢ and ¥ be two e-close distance-like functions, and
suppose that reach,(¢) = R for some a > 0. Then 1 has no critical value
in the interval (4c/a?, R — 3¢).

Proof. Almost verbatim the same as the proof in the Reconstruction of Com-
pact Sets lesson. O

THEOREM 1.8 (Extended Reconstruction Theorem). Let ¢ and v be two

e-close distance-like functions, and suppose that reach,(¢) = R for some
a > 0. Then for all v € [4e/a?, R — 3¢] and 0 < 1 < R, the sublevel sets 1"
and ¢" are homotopy equivalent, as soon as

T 5+4/a?
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Proof. By the extended isotopy Theorem all the sublevel sets 1" have
the same homotopy type for 7 in the given range. Let us choose r = 4¢/a?.
We have

wisy(r) > R — 4e/a2 and wisy(r) > R — 3¢ — 45/012.

By Proposition the sublevel sets ¢" and 9" have the same homotopy
type as soon as the uniform distance € between ¢ and ¢ is smaller than
wise(r)/2 and wfsy(r)/2. This is true provided that 2e < R — (3 + 4a?),
which yields the result. U

Remark 1.9. The notion of a-reach could be made dependent on a pa-
rameter r, i.e. the (7, a)-reach of ¢ could be defined as the maximum rg
such that the set ¢~ 1([r,r + ro]) does not contain any a-critical value. A
reconstruction theorem similar to Theorem [1.8 would still hold under the
weaker condition that the (r, a)-reach of ¢ is positive.

2. WASSERSTEIN DISTANCE

There is a whole family of Wasserstein distances W,,, 1 < p < oo, between
probability measures in R?. Their definition relies on the notion of transport
plan between measures. Although some of the results of this chapter can
be stated for any distance W, for technical reasons that will become clear
below, we only consider the Wy distance.

Definition 2.1 (Transport Plan, Cost). A transport plan between two prob-
ability measures 1 and v on R? is a probability measure m on R% x R? such
that for every Borel sets 4, B C R¢,

(A x R?) = p(A) and 7(R? x B) = v(B).

The cost of such a transport plan 7 is given by

cw=([, Iw-slanen)

Example 2.2. Consider two probability measures with finite supports

n m
W= Zci(sxi and v = Zdjcsy].
i=1 Jj=1

with >3, ¢; = 3700, dj = 1. A transport plan between y and v can be
represented by a n X m matrix m = (m; j);; with nonnegative entries such

that
m n
Zﬂi’j = C; and Zﬂ'i,j = dj.
j=1 =1

The coefficient 7; ; can be seen as the amount of the mass of u located at
x; that is transported to y;. The cost of such a transport is then given by

Cm)= > > lly; —aill”

i=1 j=1

1/2
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Definition 2.3 (Wasserstein Distance of Order 2). Given two probability
measures p,v with finite second order moments, Wa(u, ) is the minimum
cost C(m) of a transport plan m between p and v.

Remark 2.4. (i) The space of probability measures with finite moment of
order 2 endowed with Wy is a metric space.

(i) Wy provides an interesting notion to quantify the resilience to outliers.
To illustrate this, consider a set P = {z1,22,...,2n5} of N points in
R? and a noisy version P’ obtained by replacing the first n points in P
by points y; such that dp(y) = R > 0, for 1 < i < n. If we denote by
fh== > pep Op and v = + >_gep 0 the uniform measures on P and P’
respectively, then

Walpir) < |2 (R-+ diam(P)),

while the Hausdorff distance between P and P’ is at least R. To prove
this inequality, consider the transport plan 7 from v to p that moves the
outliers back to their original position and leave the other points fixed.

3. DISTANCE TO A MEASURE

In this section, we associate, to any probability measure in R?, a family
of real-valued functions that are both distance-like and robust with respect
to perturbations of the probability measure.

3.1. Definition. The distance function to a compact set K evaluated at
r € R? is the smallest radius 7 such that B(x,r) contains at least a point of
K. A natural idea to adapt this definition when K is replaced by a measure
i is to consider the smallest radius r such that B(z,r) contains a given
fraction m of the total mass of u.

Definition 3.1. Let u be a Borel probability distribution on R* and 0 <
m < 1 a given parameter. We denote by d,, , : R? — R>q the function

Suum(@) = inf {r > 0l (B(a,r) > m},

where B(z, ) denotes the closed ball of radius r centered at z.

-4

Remark 3.2. (i) For m = 0, the definition coincides with the (usual) dis-
tance function to the support of p.
(ii) For all 0 < m < 1, 0, is 1-Lipschitz.
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FiGureE 2. Computation of the distance to the empirical
measure associated to a point set C. x¢(k) denotes the kth
nearest neighbor of z in C.

(ili) Unfortunately, the function 6, ,, is not robust to perturbations of the
measure . More precisely, 1 — d,.,, is not continuous, as showed by
the following example. Let p. : (% — 8) do + (% + E) 01 be the weighted
sum of Dirac measures at 0 and 1 in R, and m = 1/2. Then, if t < 0,

— for e 2 0, (5#5?1/2(7‘:) = |]. - t|,

— for e <0, 0, 1/2(t) = [t].

This means that € — §,,_ 1/ is not continuous at € = 0. To overcome
this issue we define the distance function associated to p as a L? average
of the pseudo-distances 4, ,, for a range [0, mg] of parameters m.

Definition 3.3 (Distance-to-Measure). Let u be a Borel probability dis-
tribution on R% and 0 < mo < 1 be a mass parameter. We denote by
dyme : R — Rxg the function

1 mo
2 2
dj; o (T) = / 6, m (x)dm.

mo 0

3.2. Distance to Empirical Measures. An interesting property of the
above defined functions is that they have a simple expression in terms of
nearest neighbors. More precisely, let C' be a point cloud with n points in
R? and pe = 1 > _pec 9p be the uniform distribution on C.

For 0 < m < 1, the function d,, ,, evaluated at a given point x € R? is
by definition equal to the distance between x and its k-th nearest neighbor
in C, where k is the smallest integer larger than mn. Hence the function
m — Ouom(x) is constant and equal to the distance from z to its kth
nearest neighbor in C' on each interval [%, Ly

. ). Integrating the square of
this piecewise constant functions gives the following expression for d?

Hc,mo?
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space of proba
measures

Dirac measures
A(RY) =mg and fi < p}

(—p:
mo
FIGURE 3. The distance function to a measure as a usual
distance function in an infinite dimensional space.

where mg = ko/n:

1 mo
ﬁmm>=é 52 (x)dm

mo

~ mn Z n #c,k/n
:;) > ol

PENNLO ()

where NN]Z? () denotes the first koth nearest neighbors of z in C. As a
consequence the pointwise evaluation of d,,, i, /() reduces to a ko-nearest
neighbor query in C.

3.3. Equivalent Formulation. In this paragraph, we provide another char-
acterization of the distance function to a measure d, ,, showing that it is
in fact the distance function to a closed set, but in the non Euclidean space
of probability measures endowed with the Wy metric (see Figure [3). This
equivalent formulation will be used to deduce that p — d,, , is Lipschitz
and « — d,, m,(x) is semiconcave.

Definition 3.4 (Submeasure). A measure v is a submeasure of another
measure p if for every Borel set B of RY, v(B) < u(B).

Remark 3.5. (i) The set of all submeasures of a given measure u is de-
noted by Sub(u).

(ii) The set of submeasures of p with a prescribed total mass mg > 0 is
denoted by Sub,, (1).

PROPOSITION 3.6. Let i be a Borel probability distribution on R? and 0 <
mo < 1 be a mass parameter. Then for all z € R?,

dyme(2) = min Wa(mgdy, v).

vE€Subm (1) /10

Moreover, for any measure jizm, that realizes the above minimum,

1 , 1/2
%mw@—<mJM—MMmmMmO .

Remark 3.7. (i) Said otherwise, d,, () is the minimal Wasserstein dis-
tance between the Dirac mass mgd, and the set of submeasures of
with total mass my.
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(ii) The set R m,(z) of submeasures minimizing the above expression cor-
responds to the nearest neighbors of the Dirac measure mgd, on the set
of submeasures Suby,,(x). It is not empty but it might not be reduced
to a single element. Indeed, it coincides with the set of submeasures
[a.mo Of total mass mgy whose support is contained in the closed ball

B(z, 6,,mo(x)), and whose restriction to the open ball B(x, d,, m,(z)) co-
incides with pu.

3.4. Stability of the Distance to a Measure. The characterization of
dy,me given in Proposition provides a pretty simple way to prove the
stability of p > dy m,-

THEOREM 3.8 (Stability of the DTM). Let p,u’ be two Borel probability
distributions on R% and mg > 0. Then,

1
o = duranollog < = Wl 1.

The proof of Theorem follows from the following proposition.

PROPOSITION 3.9. Let i, ji' be two Borel probability distributions on R? and
mo > 0. Then,

du (Submo (:U*)v Suby, (//)) < Wa(p, ,u/)v

where dg stands for the Hausdorff distance in the space of probability mea-
sures endowed with the Wo metric.

Sketch of proof. Let e = Wo(u, 1) and 7 be a corresponding optimal trans-
port plan, i.e. a transport plan between pu and p’ that achieves C(7) = e.
Given a submeasure v of ji, one can find a submeasure 7’ of 7 that transports
v to a submeasure ' of y/ (notice that this latter claim is not completely
obvious and its formal proof is beyond the scope of this lesson. It can be
proven using the Radon-Nykodim’s theorem). Then,

Wa(v, v/)? < /

R xR

o =yl d(a,y) = <.

o —ylfarey) < [

R4 xR

This shows that dgyp,,, () (v) < € for every submeasure v € Subp, (1). The

same holds exchanging the roles of p and p/, thus proving the bound on the
Hausdorff distance. O

Proof of Theorem [3.8 The following sequence of equalities and inequalities,
that follows from Propositions and proves the result:

dyimo () = dsub,, () (M002)

1
(st (Subng (1), Sttbyny (1)) + s,y () (7002))

N

-3

Wa g, 1) + dyrmo ()

S
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3.5. The Distance to a Measure is a Distance-Like Function. Recall
that the subdifferential of a function f : Q C R — R at a point z, denoted
by 0. f, is the set of vectors v € R? such that for all small enough vector
h, f(x +h) = f(x) + (h,v). This gives a characterization of convexity: a
function f : R¢ — R is convex if and only if its subdifferential 0, f is non-
empty for every point z. If this is the case, then f is differentiable at x if
and only if its subdifferential 0, f is a singleton, in which case the gradient
V f(x) coincides with its unique element.

PROPOSITION 3.10. The function v, : R 3 z — ||lz||* — A2 () is
convezx, and its subdifferential at x € R? is given by

2
Outns = {20 = 2 [ 0 1)t (10 ey € Ri o)}

Proof. For any two points = and y of R%, let Hamo and fiy m, be measures
belonging to Rym, () and Ry m,(y) respectively. Thanks to Proposition
we have the following sequence of equalities and inequalities:

1
2 _ 2
B s ) = e [ 1y = Bl dity (1)
1

< = — h||? dpig e (B
o Rdlly 17 dpt,me (R)

1 2 2
< _ _ _ _
e [ (o= AP 200 = by = o) + = 2l) A ()

<A} o (@) + (0,y — ) + |y — %,
where v is the vector defined by
2
v= o [ o (B
Rd

mo

/

The inequality can be rewritten as

(1P = &y ) = (ll2l> = @2 1y () > (22— v,y — ),

which shows that the vector (2o — v) belongs to the subdifferential of v at
x. By the characterization of convexity that we recalled above, we get that
Vy,my 18 convex. The proof of the reverse inclusion is slightly more technical
and beyond the scope of the lesson. O

. . 2 . .
COROLLARY 3.11. (i) The function d ,,  is 1-semiconcave.

(ii) di,mo is differentiable almost everywhere in R®, with gradient

2
2 —
vmd#,mo - mio /Rd($ - h)d“ﬂmmo (h)7

where [iy m, is the only measure in Ry, m, ().
(iii) The function R? > x v+ dm, () is 1-Lipschitz.

Proof. (i) Already proved.

(ii) Follows from the fact that a convex function is differentiable almost ev-
erywhere, with gradient given by the only element of the sub-differential
at the considered points.
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(iii) The gradient of d, ,,, can be written as

2d,,m, v/ 1/2°
pme VI (fosllz = R gt (1) )

Using the Cauchy-Schwarz inequality we find [|Vyd, me|| < 1, which
proves the statement.

O

4. APPLICATION TO GEOMETRIC INFERENCE

Reconstruction from point clouds in presence of outliers was the main mo-
tivation for introducing the distance to a measure. In this section, we show
how the extended reconstruction Theorem can be applied to distance to
measure functions. It is also possible to adapt most of the topological and
geometric inference results of the Reconstruction of Compact Sets lesson in
a similar way.

4.1. Distance to a Measure vs. Distance to its Support. In this
section, we compare the DTM d,, ,,,, of a measure ;1 and the distance function
dg to its support S = supp(y), and study the convergence properties of d,; m,
to dg as the mass parameter mg goes to zero.

Note that the function 6, m, (and hence the DTM d,, 1, ) is always larger
than the distance function dg, i.e. for all z € R%, dg(z) < djyme(2). As a
consequence, to obtain a convergence result of d, ,, towards dg as mg goes
to zero, we just need to upper bound d, ,,, —dg by a function converging to
0 as mg goes to 0. It turns out that the convergence rate of d, ,,, towards
dgs depends on the way that p charges the balls B(p,r) centered at points
p € S, as r decreases. For this, we need to define a few notions:

(i) We say that a non-decreasing positive function f : R>g — Ryp is a
uniform lower bound on the growth of p if for every point p € S and
every € > 0, u(B(p,e)) = f(e).

(ii) The measure p is said to have dimension at most k if there is a constant
C,, > 0 such that f(¢) = C,e” is a uniform lower bound on the growth
of u, for € small enough.

LEMMA 4.1. Let p be a Borel probability distribution and f be a uniform
lower bound on the growth of p. Then ||dyme —ds|l, <€ as soon as mgy <

f(e).

Proof. Assume that mo < f(¢) and let z € R? be fixed. Write p € S for
any point such that ||z — p|| = ds(x). By assumption, u(B(z,ds +¢)) >
u(B(p,€)) = mo. Hence, 6, m,(x) < ds(x)+e. The map m — 6, (x) being
non-decreasing, we get

mo
mod%(x) < 5ivm(m)dm < mo(dg(x) + 6)2.
0

Taking the square root of this expression proves the lemma. O
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COROLLARY 4.2. (i) If the support S of p is compact, then dg is the uni-
form limit of d,, m, as mqg goes to 0:

ldymo — dsll o p— 0.

(ii) If u has dimension at most k > 0, then
_ 1/k
ldumo = dsllo < G/ Fmg™.

Proof. (i) If S is compact, there exists a sequence (z;);>0 of points in S such
that for all € > 0, S C U {B(z;,¢/2) for some n = n(e). By definition
of the support of a measure, n(e) = mini<;<np(B(zi,e/2)) > 0. Now,
for all z € S, there is a x; such that || — ;|| < /2. Hence, B(x;,e/2) C
B(x,¢), which means that u(B(z,¢)) > n(e).

(ii) Follows straightforwardly from Lemma

U

4.2. Shape Reconstruction from Noisy Data. The previous results lead
to shape reconstruction theorems that work for noisy data with outliers.
To fit in our framework we consider shapes that are defined as supports
of probability measures. Let p be a probability measure of dimension at
most k > 0 with compact support X C R? and let dg : R — R be the
(Euclidean) distance function to K. If u' is another probability measure
(e.g. the empirical measure given by a point cloud sampled according to u),
one has

i = dyrmo | o < lldic = dumo llog + [ dpmo = dywmo|
1 /
< HdK - du,moHoo + \/7—0 WZ(:U’a 2 )
As expected, the choice of myg is a trade-off:
— small mg leads to better approximation of the distance function to the

support, while
— large values of mp make the distance functions to measures more stable.

The previous bound together with Theorem [1.§] yield the following result.

COROLLARY 4.3. Let u be a Borel probability measure and K = supp(u) its
support. Assume that u has dimension at most k and that reach,(K) > R,
for some R > 0. Let p' be another measure, and € > HdK — dy g HOO

Then for all v € [4e/a?, R— 3¢], the r-sublevel set of d,, m, and the offsets
K", for 0 <n < R, are homotopy equivalent as soon as

R\/mqg - 1/k+1/2
N < _ VR MREL2
WQ(M?N) X 5+4/a2 CH mg

Figure [4] illustrates Corollary on a sampled mechanical part with 10%
outliers. In this case, p’ is the normalized sum of the Dirac measures centered
at the data points and the (unknown) measure p is the uniform measure on
the mechanical part.

5. FURTHER SOURCES
These notes mainly follow [BCY1§| and [CCSMII] .
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FIGURE 4. On the left, a point cloud C' sampled on a me-
chanical part to which 10% outliers uniformly sampled in
a box enclosing the model have been added. On the right,
the reconstruction of an isosurface of the distance function
duo,me to the uniform probability measure on this point
cloud.
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